Abstract. This paper is a short account on phase-field approximations of the Willmore functional and the associated L 2 -flows.
Introduction
Phase-field approximations of the Willmore functional have raised quite a lot of interest in recent years, both from the theoretical and the numerical viewpoints. In particular, attention has been paid to understanding the continuous and numerical approximations of both smooth and singular sets with finite relaxed Willmore energy. Various approximation models have been proposed so far, whose properties are known only partially. Our main motivation in this paper and in the longer version [7] is a better understanding of these models, and more precisely:
(1) Exhibiting differences/similarities between the various approximations; (2) Deriving the L 2 -gradient flows associated with these models; (3) Studying the asymptotic behavior of the flows, at least in smooth situations; (4) Simulating numerically these flows, and observing whether and how singularities may appear. We focus on four models due, respectively, to De Giorgi, Bellettini, and Paolini [5, 12] , Bellettini [1] , Mugnai [21] , and Esedoḡlu, Rätz, and Röger [14] .
What is known?

De Giorgi-Bellettini-Paolini's approximation of the Willmore energy
Based on a conjecture of De Giorgi [12] , several authors have investigated the diffuse approximation of the Willmore functional, which is for a set E ⊂ R N , N ≥ 2, with smooth boundary ∂E:
where H ∂E (x) is the classical mean curvature vector at x ∈ ∂E, H N−1 the (N −1)-dimensional Hausdorff measure and Ω ⊂ R N an open set wherein the Willmore energy of E is computed. The approximation functionals are defined for every > 0 as
with W a double-well potential, typically W (s) = 1 2 s 2 (1 − s) 2 (other choices for W are possible and yield to similar approximation results). In the sequel, we shall refer to these functionals as the classical approximation model, which was introduced by Bellettini and Paolini in [5] .
The reason why ε∆u − W (u) ε is related to mean curvature can be simply understood at a formal level: it suffices to observe that the mean curvature of a smooth surface is associated with the first variation of its area, and that −ε∆u +
that appears in the approximation of surface area. The results on the asymptotic behavior of W ε as ε → 0 + started with the proof by Bellettini and Paolini [5] of a Γ − lim sup property, i.e. the Willmore energy of a smooth hypersurface E is the limit of W ε (u ε ), up to a multiplicative constant, where u ε is defined exactly as for the approximation of the perimeter.
The Γ − lim inf property is much harder to prove. The contributions on this point [3, 20, 22, 24, 26 ] culminated with the proof by Röger and Schätzle [24] in space dimensions N = 2, 3 and, independently, by Nagase and Tonegawa [22] in dimension N = 2, that the result holds true for smooth sets. More precisely, given u = 1 E the characteristic function of a set E ∈ C 2 (Ω), and u ε converging to u in L 1 (Ω) with a uniform control of the approximating perimeter
What about unsmooth sets? Can the approximation results be extended to the relaxed Willmore functional? The answer is negative in general, as discussed below.
The approximation does not hold in general for unsmooth limit sets
Define for any set E of finite perimeter in Ω its relaxed Willmore functional
It is natural to ask whether the Γ-convergence of W ε to W can be extended to W . Unfortunately, this is not the case as it follows from the following observations (for simplicity we denote Γ − lim W ε (E) = Γ − lim W ε (1 E )) that are illustrated in Figure 1 : (1) there exists a bounded set E 1 ⊂ R 2 of finite perimeter such that Γ−lim W ε (E 1 ) < ∞ and W (E 1 ) = +∞; (2) there exists a bounded set E 2 ⊂ R 2 of finite perimeter such that Left: a set E 1 such that Γ − lim W ε (E 1 ) < ∞ and W (E 1 ) = +∞. Then, from left to right, a set E 2 , the limit configuration whose energy coincides with Γ − lim W ε (E 2 ), and a configuration whose energy coincides with W (E 2 ).
The reason why W (E 1 ) = +∞ is a result by Bellettini, Dal Maso, and Paolini [2] according to which a non oriented tangent must exist everywhere on the boundary. Besides, W (E 2 ) < +∞ because, still by a result of Bellettini, Dal Maso and Paolini, the boundary is smooth out of evenly many cusps. Let us now explain why, in both cases, Γ − lim W ε (E 1,2 ) < +∞. The reason for this is the existence of smooth solutions with singular nodal sets for the Allen-Cahn equation ∆u − W (u) = 0. According to Dang, Fife and Peletier [11] , there exists for such equation in R 2 a unique saddle solution u with values in (−1, 1) . By saddle solution, it is meant that u(x, y) > 0 in quadrants I and III, and u(x, y) < 0 in quadrants II and IV, in particular u(x, y) = 0 on the nodal set xy = 0. Considering u ε (x) = u(εx), we immediately get that ε 2 ∆u ε − W (u ε ) = 0, thus the second term in W ε (u ε ) vanishes, and the first term being obviously bounded, it follows from the lower semicontinuity of the Γ-limit that Γ − lim W ε (E 1,2 ) < +∞. Furthermore, the approximation of E 2 can be made so as to create a cross in the limit, as in bottom-middle figure. The limit energy is therefore lower than the energy obtained by pairwise connection without crossing of the cusps (bottom-right figure) .
We end this section with the question that follows naturally from the discussion above: is it possible to find a diffuse approximation that Γ-converges to W (up to a multiplicative constant) whenever W (E) < +∞ ? 
where E is smooth and d E is the signed distance function from ∂E. Particularizing Bellettini's approximation model to the Willmore energy yields the smooth functionals
for every E of finite perimeter such that W (E) < +∞.
Mugnai's approximation in dimension N = 2
In the regular case and in dimensions 2,3, it follows from the results of Bellettini and Mugnai [4] that, up to a uniform control of the perimeter, the Γ-limit of the functionals defined by
where ν u = ∇u |∇u| when |∇u| = 0, and ν u =a constant unit vector on {|∇u| = 0}, coincides with c 0 Ω∩∂E |A ∂E (x)| 2 dx
for every smooth E, with A ∂E (x) the second fundamental form of ∂E at x. In dimension 2, the second fundamental form along a curve coincides with the curvature. Therefore, by identifying the limit varifold obtained when u ε converges to u = 1 E , Mugnai was able to prove in [21] that, in dimension 2, the Γ-limit of W Mu ε (with uniform control of the perimeter) coincides with W (E) for any E with finite perimeter, up to a multiplicative constant.
The model of Esedoḡlu, Rätz, and Röger in [14] is a modification of the classical energy that aims to preserve the "parallelism" of the level lines of the approximating functions, and avoids the formation of saddle points, by constraining the level lines' mean curvature using a term à la Bellettini. More precisely, a natural profile-forcing approximation model is (with α ≥ 0 a parameter):
To simplify the theoretical analysis, the model proposed by Esedoḡlu, Rätz, and Röger is slightly different:
Esedoḡlu, Rätz, and Röger prove that, for any
With α = 0 the Γ-convergence result does not hold anymore, but instead, with a uniform control of the perimeter, one has Γ − lim ε→0 W EsRäRö ε ≥ c0 2 W , which still guarantees a control of W .
The Willmore flow and its approximation by the evolution of a diffuse interface
This section is devoted to the approximation of the Willmore flow by L 2 -gradient flows associated with the approximating energies introduced above. In particular, we shall derive explicitly each approximating gradient flow and, using the matched asymptotic expansion method [6, 8, 18 , 23], we will show that, at least formally and for smooth interfaces, there is convergence to the Willmore flow, at least in dimensions 2 and 3 for all flows, and in any dimension for some of them. The general question "if a sequence of functionals Γ-converges to a limit functional, is there also convergence of the associated flows?" is rather natural, since Γ-convergence implies convergence of minimizers, up to the extraction of a subsequence. However, the question is difficult and remains open for the Willmore functional. Our results below give formal indications that the convergence holds. Serfaty discussed in [25] a general theorem on the Γ-convergence of gradient flows, provided that the generalized gradient of the associated functional can be controlled (see in particular the discussion on the Cahn-Hilliard flow). Such control is so far out of reach for the Willmore functional.
On the Willmore flow
Let E(t), 0 ≤ t ≤ T , represent the evolution by the Willmore flow of smooth domains, i.e. the outer normal velocity field
is the Laplace-Beltrami operator on ∂E(t), H the scalar mean curvature, A the second fundamental form, and A 2 is the sum of the squared coefficients of A.
In the plane, the Willmore flow coincides with the flow of curves associated with the Bernoulli-Euler elastica energy, i.e., denoting by κ the scalar curvature,
The long time existence of a single curve evolving by this flow is established in [13] , and any curve with fixed length converges to an elastica.
In higher dimension, Kuwert and Schätzle give in [15, 16] a long time existence proof of the Willmore flow and the convergence to a round sphere for sufficiently small initial energy. Singularities may appear for larger initial energies, as indicated by numerical simulations [19] .
Approximating the Willmore flow with the classical De Giorgi-Bellettini-Paolini's approach
The L 2 -gradient flow of the approximating energy W ε (u) =
dx, is equivalent to the evolution equation
, that can be rewritten as the phase field system
The well-posedness of the phase-field model (1) at fixed parameter ε has been studied in [9] with a volume constraint fixing the average of u, and in [10] with both volume and area constraints. Loreti and March showed in [18] , using the formal method of matched asymptotic expansions, that if ∂E is smooth and evolves by Willmore flow, it can be approximated by level lines of the solution u ε to the phase field system (1) as ε goes to 0. In addition, u ε and µ ε are expected to take the form u ε (x, t) = q
and µ ε (x, t) = −εHq
, where η 1 and η 2 are two functions depending only on the double well potential W . An important point is that the second-order term in the asymptotic expansion of u ε has an influence on the limit law as ε goes to zero [18] . This is a major difference with the Allen-Cahn equation, for which the velocity law follows from the expansion at zero and first orders only [6] . As a consequence, addressing numerically the Willmore flow is more delicate and requires using a high accuracy approximation in space to guarantee a sufficiently good approximation of the expansion of u ε .
Approximating the Willmore flow with Bellettini's model
We now focus on the approximation model W
where
Proof. See [7] Claim 3.2. In a suitable regime provided by the method of matched asymptotic expansions, the normal velocity of the 1 2 -front Γ(t) = ∂E(t) associated with a solution u ε (x, t) to Bellettini's phase field model (2) is the Willmore velocity
, and one has u ε (x, t) = q(
Proof. See [7] . The asymptotic derivation shows in particular that the second-order term in u ε (x, t) does not appear in the expression of V . This explains the numerical stability, despite the use of an explicit Euler scheme, observed by Esedoḡlu, Rätz, and Röger in [14] .
Approximating the Willmore flow with Mugnai's model
Proof. See [7] . Note that this system coincides with the classical one, up to the addition of a penalty term. 
where η 1 and η 2 are profile functions.
Proof. See [7] .
Remark 3.5. The front velocity associated with Mugnai's phase field model coincides, up to a multiplicative constant, with the velocity of the L 2 -flow of the squared second fundamental form energy Γ A 2 dH N−1 . In dimensions 2 and 3, it is easily seen that Mugnai's flow coincides with the Willmore flow.
Approximating the Willmore flow with Esedoḡlu-Rätz-Röger's energy
We now consider the following variant of the Esedoḡlu-Rätz-Röger's energy,
where η 2 (z) = zq (z) is a profile function. For α = 1,
Remark 3.8. The previous claim gives indications on the design of a numerical scheme for simulating the Esedoḡlu-Rätz-Röger's flow in the cases α = 0, 1. Clearly, the flow acts at the second order for u in the case α = 0, and not less than at the third order (at least) whenever α = 1. This implies that capturing with accuracy the motion of the interface should be much more delicate when α = 1. The analysis of the asymptotic behavior for α non integer is more delicate because it requires studying non integer orders of ε and it is far from being clear how integer and non integer scales may combine. As for integer values of α > 1, a careful study at higher orders of ε should be possible but is out of the scope of the present paper.
Numerical simulations for the classical and Mugnai's diffuse flows
In this paper, we consider a new scheme, quite different from what is usually done in the literature, to solve both the classical and Mugnai's phase field systems (1) and (3). The simulations can be compared with those obtained by Esedoḡlu, Rätz, and Röger in [14] for their phase field system (4) (actually a variant of it, see [14] ), and for Bellettini's phase field system (2). We introduce a new scheme to approximate numerically some solutions of the phase field system
where α is a positive constant. The particular phase field system (1) corresponding to the classical diffuse Willmore flow is obtained for α = 1. We compute the solution for any time t ∈ [0, T ] in a box Ω = [0, 1] N with periodic boundary conditions. We use an Euler implicit discretization in time:
where δ t is the time step, u n and µ n are the approximations of the solutions u and µ, respectively, evaluated at time t n = n δ t . The system can be written as
, where
A natural way to approximate (u n+1 , µ n+1 ) is a fixed point iterative method:
−8 , perform the loop on k:
). 2) Using the Fast Fourier Transform, compute the truncated Fourier series of h n P andh n P : 
Mugnai's flow
We now use a similar scheme for the following generalization of Mugnai's phase field system:
. The exact Mugnai's flow (3) corresponds to the choice α = 1 (up to a time rescaling). We use an Euler semi-implicit discretization in time:
We use a fixed point iteration to approximate the solution pair (u n+1 , µ n+1 ) to the system:
For it is highly singular, the penalization term B(·) needs to be regularized to avoid numerical errors. We use in-
with σ a small regularization parameter. In particular, the positivity of
is ensured, which is in accordance with the continuous case. In practice, finite differences are used for the numerical evaluation of B σ (u). Finally, we propose the following algorithm, which converges under the same assumptions as Algorithm 4.1 since the penalty term B σ (u) is treated explicitly.
Algorithm 4.3. Same as Algorithm 4.1 except that we replace 1) with 1) Using finite differences to evaluate
, and
Numerical simulations of the classical flow
The following simulations have been realized with Matlab. The isolevel sets Γ(t) = {x : u(x, t) = 1 2 } are computed and drawn using the Matlab functions contour in 2D and isosurface in 3D. We use the double-well potential W (s) = 1 2 s 2 (1 − s) 2 , and we consider the following PDE system with periodic boundary conditions:
and with initial conditions u(x, 0) = γ
We plot on Figure 2 the graph of t → u ε (·, t) computed for different values of ε. We choose for the other parameters: P = 2 7 , δ t = 1/P −4 . In the first experiment, obtained with ε = 5/P, the two circles merge. In contrast, a crossing of interfaces appear for the case ε = 1.5/P. This corresponds to a solution of the Allen-Cahn equation with unsmooth nodal set. After contact, the interfaces continues to evolve while the crossing seems to be numerically stable and does not influence the interface evolution. More precisely, the interface Γ(t) seems to converge to a growing eight, which is one of the closed planar elasticae described in Langer and Singer's work [17] .
In Figure 3 , we present experiments which illustrate the formation of singularities in dimension 3. On the left, two spheres evolve by the classical diffuse flow. As the distance between the two spheres is about ε, they merge. The second example shows the evolution of a cube cut by a plane (more precisely, both the plane and the cube's boundary separate the two phases. The cube seems to evolve to a sphere without being disturbed by the presence of the plane. All these experiments show that the classical diffuse flow may yield singularities, although the comprehension of singular solutions to the Allen-Cahn equation in dimension 3 remains incomplete. 
Numerical simulations of Mugnai's flow
We now consider the PDE system associated with Mugnai's flow: . We set the approximation parameter σ = 10
and we solve numerically the system using Algorithm 4.3. We present two experiments in Figure 4 obtained with the set of parameters P = 2 7 , ε = 2/P and δ t = ε 2 P −2 /8. The simulations indicate that the additional penalization term B σ (u) prevents the interfaces from colliding, in contrast with the classical flow. More precisely: Figure 4 . Illustrations in 2D and 3D that Mugnai's flow prevents from colliding.
• As long as the interfaces are smooth, Mugnai's and the classical flow behave in the same way, which was of course expected from the theoretical properties of the associated functionals. In particular, the penalization term B σ (u) has no critical influence on the evolution of a smooth interface, as long as the evolution remains smooth as well with the classical flow.
• Since Mugnai's energy W Mu ε Γ-converges in dimension 2 to the relaxation of the Willmore energy, the associated flow prevents from crossing, which is confirmed by the simulations. In 3D as well, our simulations indicate that no crossing should occur. This indicates that the Γ-convergence property should also be true in 3D for Mugnai's energy, which is so far an open question that requires a better understanding of the diffuse approximation of the genus (having in mind the Gauss-Bonnet Theorem).
